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Abstract—In this study, the nature of electronic transport in
quantum cascade lasers (QCLs) has been extensively investigated
using an ultrafast time-resolved, degenerate, pump-probe optical
technique. Our investigations enable a comprehensive under-
standing of the gain recovery dynamics in terms of a coupling
of the electronic transport to the oscillating intracavity laser
intensity. In QCLs that have a lasing transition diagonal in real
space, studies of the near-threshold reveal that the transport of
electrons changes bias region from phonon-limited relaxation
(tens of picoseconds) below threshold to photon-driven transport
via stimulated emission (a few picoseconds) above threshold. The
gain recovery dynamics in the photon-driven regime is compared
with conventional four-level lasers such as atomic, molecular, and
semiconductor interband lasers. The depopulation dynamics out
of the lower lasing state is explained using a tight-binding tun-
neling model and phonon-limited relaxation. For the superlattice
relaxation, it is possible to explain the characteristic picosecond
transport via dielectric relaxation; Monte Carlo simulations with
a simple resistor model are developed, and the Esaki–Tsu model
is applied. Subpicosecond dynamics due to carrier heating in
the upper subband are isolated and appear to be at most about
10% of the gain compression compared with the contribution of
stimulated emission. Finally, the polarization anisotropy in the
active waveguide is experimentally shown to be negligible on our
pump-probe data, supporting our interpretation of data in terms
of gain recovery and transport.
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I. INTRODUCTION
I
N A quantum cascade laser (QCL), electrons cascade
through the heterostructure, ideally emitting one photon
via stimulated emission in each active region. Thus, QCL
operation results from a coupling of perpendicular electronic
transport with the intracavity optical ﬁeld. Since the ﬁrst
demonstration of a QCL in 1994 [1], remarkable advances
in device performance have been made. Scientiﬁcally and
technologically important examples are the development of
high-power MBE- and MOVPE-grown QCL operating in CW
at room temperature and above [2]–[4], high-speed electrical
modulation without relaxation oscillation [5] and observation
of Bloch gain in QCLs [6], and the realization of QC structures
emitting in the terahertz (THz) range of the spectrum [7], [8].
However, the mechanism of electronic transport across the ac-
tiveandinjectorregions,whichiscloselyrelatedtothedynamic
gain recovery, has not been extensively investigated, though
there have been some studies of carrier transport and relaxation
processes in nonlasing quantum-well (QW) structures [9]–[12].
Our approach to studying the nature of electronic transport
in an operating QCL is to use femtosecond pump-probe spec-
troscopytomeasurethedynamicsofgainrecovery.Pump-probe
methods have previously been used to explore the possibility
of coherent transport in resonant-tunneling QC structures [13],
[14], which has been the subject of considerable theoretical in-
terest [15]–[17]. The structure used in those experiments, how-
ever, was not an operating laser and thus is not directly rele-
vant to the dynamics under working conditions; to date, most
information on the electron transport has been obtained only
through measurements of steady-state light or voltage versus
current characteristics ( – – ) [18]. One recent pulse-prop-
agation study on an operating THz QCL has measured the
phase ﬂip as an effect of the stimulated emission on the propa-
gating pulses [19].
In this study, we explore the gain recovery dynamics of an
operating QCL below and above threshold. We observe how the
perpendicular transport of electrons across the active region is
driven by the laser photons. Following an impulsive perturba-
tion of the intracavity ﬁeld, the gain recovery is time-resolved
and the measured data are used to model the QCL level density
0018-9197/$25.00 © 2009 IEEE
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coupled to the cavity photon density rate equation. The devel-
oped rate-equation model is then used to calculate the steady-
state light–current–voltage ( – – ) relationship, thus leading
to a self-consistent picture of laser oscillation and transport dy-
namics. The resulting model highlights the substantial differ-
ence in the gain recovery between QCLs and other types of
laser, arising from the central role played by transport. Note that
this paper presents all of the details of the gain recovery dy-
namics presented in [20], including a more complete classical
and quantummechanical descriptionofthefull electronictrans-
port dynamics.
We also show how several unique features of the QCL will
enable us the observation of photon-driven transport. The most
important of these is that the gain region in a QCL is an open
system (coupled by transport through the injector superlattice),
whereas the gain medium in conventional laser systems such
as atomic, molecular, and semiconductor interband lasers con-
stitutes a closed system. Thus, the QCL manifests qualitatively
different gain recovery and transport physics.
Inadditiontothephoton-driventransportacrosstheactivere-
gion, we also present detailed analysis of the lower lasing state
emptying and superlattice transport dynamics. For the lower
lasing state, we describe the transport in terms of the density-
matrix tunneling model and phonon-assisted scattering process.
For the superlattice transport, we present a simple, but self-con-
sistentdielectricrelaxationmodeltounderstandthecontribution
oftheperpendicularelectrontransportacrossthesuperlatticein-
jector to the gain recovery dynamics.
The organization of this paper is as follows. DC characteri-
zation of the QCLs and the time-resolved pump-probe methods
are described in Section II. The self-consistent rate-equa-
tion model used for data analysis is presented in Section III.
Section IV focuses on the photon-driven transport in the active
region. The gain dynamics of four-level conventional laser
systems is compared with that of QCLs in this section. In
Section V, we discuss the depopulation dynamics out of the
lower lasing state. Superlattice transport effects are discussed
in Section VI. Possible experimental artifacts during the dif-
ferential transmission (DT) measurements are discussed in
Section VII. Finally, Section VIII concludes our discussion.
II. QCL CHARACTERISTICS AND TIME-RESOLVED DT
MEASUREMENTS
A. QCL Characteristics
Two QCLs (N432 and N433) are used in the study. Self-con-
sistent conduction bandstructures are shown in Fig. 1. Both are
based on so called “diagonal transition,” in which the lasing
transition is diagonal in real space. The population inversion is
approximately constant as a function of bias, and the gain is
tuned by varying the wavefunction overlap (“oscillator strength
tuning”) via the bias voltage [21]. The two lasers have different
threshold current, so that the bias dependence of the gain re-
covery dynamics around the threshold can be investigated.
The two QCLs have somewhat different band structure.
Sample N433 differs from N432 mainly in that it incorpo-
rates a saturable absorber layer, such as has been used for
investigations of multimode behavior, temporal pulsations,
Fig. 1. (a) Self-consistent bandstructure calculation of the
In Ga As/In Al As strained layer sequence for two periods
of the cascade heterostructure, at a bias corresponding to an applied electric
ﬁeld of 90 kV/cm, is displayed. Layer thicknesses are given in nanometers.
The wavefunctions for the upper and lower lasing states are shown,
illustrating the diagonal nature of the transition in real space. The wavy arrow
indicates the lasing transition. The miniband is indicated by the shaded gray
region. The horizontal segments show the doped region for each period; is
the donor density. (b) Corresponding bandstructure calculation for N433 at a
bias corresponding to an applied electric ﬁeld of 85 kV/cm is displayed.
and instabilities [22]. For the experiments reported here, the
saturable absorber plays no role, since these effects occur only
when the laser is biased far above threshold, and our experi-
ments are mainly concentrated on the laser operation below
and just above threshold.
This particular QCL design can offer an ideal laboratory to
investigate a close coupling of the electronic transport to lasing.
As shown in Fig. 1(a) and (b), electrons propagate through the
superlattice region, lose their energy, and relax to the injector
groundstate,buttheinjectorgroundstateisalsotheupperlasing
stateinthisstructure.Whenanappropriatebiasisappliedacross
the structure, a population inversion can be achieved even under
conditions of a small value of the dipole matrix element
( 0.3 nm at threshold), due to the relatively long lifetime of the
upperlasingstate (tensofpicoseconds)andtherelativelyfast
lifetime of the lower lasing state . Because transport across
the injector barrier involves the emission of a photon when the
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Fig. 2. CW – – characteristics at various temperatures are displayed for
(a) N432 and (b) N433. Note that the observed early voltage clamping near
threshold is due to an artifact in the two-point contact measurement of the I–V
curve.
systemislasing,theinherentcouplingoftheelectronictransport
and lasing action is clearly manifested in this particular struc-
ture.
Individual laser bars are processed to have signiﬁcantly dif-
ferent cavity length and width: laser N432 is 3.53 mm long and
12.5 m wide, and laser N433 is cleaved to 2.41 mm long and
17.1 m wide. The lasers are then soldered on a copper block,
wire-bonded, and mounted on a cold ﬁnger of a helium-ﬂow
vacuum cryostat for the temperature controlled measurements.
The measured lasing wavelength slightly above threshold is
5.38 m for N432 and 5.25 m for N433, respectively.
These QCLs typically show strong clamping of the voltage at
threshold; the measurements of the CW – – characteristics
are illustrated in Fig. 2. We will show the voltage clamping at
threshold corresponds to the onset of photon-driven transport in
Section IV: once threshold is reached, the voltage and gain re-
main constant, and the increase in current corresponds to stim-
ulated emission driving the current through the active region of
the cascade heterostructure.
B. Time-Resolved Pump-Probe DT
Forthemidinfrared(mid-IR)pump-probeDTmeasurements,
mid-IR pulses are generated using an optical parametric ampli-
ﬁer (OPA) and difference frequency generator (DFG), pumped
by an 80-fs, 250-kHz Ti:sapphire regeneratively ampliﬁed laser
(Coherent RegA). The signal and idler pulses from the OPA are
mixedinaAgGaS crystal,producing200-fsmid-IRpulsestun-
able from 3 to 7.5 m. The pump (800 pJ) and probe (40 pJ)
beams are collinearly combined and coupled through the wave-
guide core of QCL; the coupling efﬁciency is estimated to be
only in the range of 1%, so the pump-induced change in QCL
gain is in the small-signal regime. The transmitted probe pulse
is collected using f/0.7 optics and measured using a liquid-ni-
trogen cooled InSb detector. The polarizations of pump and
probe beams are orthogonal and linearly polarized at 45 with
respect to the transverse magnetic (TM) lasing mode of a QCL.
A polarizer is placed before the detector to block the trans-
mitted and scattered pump beam and suppress coherent artifacts
occurring from pump-probe coupling, i.e., interference effects.
Fig. 3. Luminescence spectra of QCL N433 and those of pump-probe pulses
produced by the DFG. Normalized spectra when QCL is biased at (a) 0.67 A
(below threshold) and (b) 0.765 A (slightly above threshold), respectively.
In order to suppress signals coupled through the substrate or
cladding,aspatialﬁlterincorporatinga10- maperturehasbeen
carefully positioned to isolate the signal coupled into the wave-
guide core. The pump pulse is mechanically chopped at 2 kHz,
and the DT signal is measured using lock-in detection. DT sig-
nals as large as 1% are obtained; the noise ﬂoor in these DT
experiments is on the order of 0.03%, limited by long-term ﬂuc-
tuations of the laser source and beam pointing. The pump-probe
delay is varied using a mechanical stepper stage, and a variable
time step is used (smaller steps near zero delay) to reduce data
acquisition times. Carrier heating contributions to the DT signal
are investigated using transverse electric (TE) pump and TM
probe polarizations (see Section VII).
Due to the strong Stark effect in our QCLs, the spectrum
of the pump and probe pulses is tuned to match the QCL gain
maximum at each bias current: the center wavelength of mid-IR
pulse is shifted to shorter wavelength as the bias is increased.
Above threshold, the voltage is clamped and the spectrum
does not shift with current. Examples of typical QCL and
pump-probe pulse spectra are shown in Fig. 3. Below threshold,
the electroluminescence spectra are broad, and have a spectral
width which closely matches the pump-probe pulse spectral
width. Above threshold, the QCL lasing output of course is
signiﬁcantly narrower than the pump-probe spectrum.
III. RATE-EQUATION MODEL
In our QCLs, the lasing transition occurs between the upper
lasing state and lower lasing state , and electrons in the
lower lasing state subsequently tunnel into the superlat-
tice miniband state, which is incorporated into the following
rate-equation model as a single state . Thus, if we assume
no leakage current so that the electrons cascade sequentially
through these states in the heterostructure, the laser may be
modeled with a three-level model, in which upper lasing state
is fed by the superlattice transport, as illustrated in Fig. 4.
The rate equations follow directly from the level diagram
and appear qualitatively the same as the rate equations for a
three-level atomic laser, with one critical difference: following
decay out of the lower lasing level, there is a temporal delay
before injection into the upper lasing state due to transport
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TABLE I
PARAMETERS USED IN THE RATE-EQUATION MODEL FOR QCL N432 AND N433
Fig. 4. Three-level model of the active and injector region of a QCL based on
diagonal transition; adjacent stages are coupled through the superlattice with a
delay .
through the superlattice. This effect has no analogue in an
atomic laser or semiconductor interband laser. Note that con-
tinuity implies that the current ﬂowing through QCL structure
(from the applied bias current) should be same at any point in
QCL; . The rate equations
are
(1)
(2)
(3)
(4)
where are the electron density in , , , and
is the photon density. is the number of stages in the QCL,
is the conﬁnement factor for one period, is the group ve-
locity, is the gain cross section, is the photon lifetime, is
the spontaneous emission factor (fraction of spontaneous emis-
sion emitted into the lasing mode), is the spontaneous emis-
sion lifetime, is the superlattice transport time, is the
nonradiative lifetime of , and is the tunneling time from
to the superlattice.
The complete set of parameters used to model the two QCL
lasersinvestigatedinthisstudyareshowninTableI.Thismodel
is used to ﬁt the DT data reported in Section IV, and the time
constants are extracted from these ﬁts. We emphasize that three
time constants are required for good ﬁts to the data, which is
a direct consequence of the three-level nature of the diagonal
QCL operation, as dicussed in Section IV.
An additional check on the validity of the model is obtained
through calculation of the threshold current : we replace
with in order to establish a steady-state current in
the device. The threshold current neglecting spontaneous emis-
sion and lower state emptying (several orders faster than the
upper state decaying) is derived by setting the time-derivatives
intherate-equationstozero,andtheotherQCLparametersyield
[23]
(5)
(6)
(7)
(8)
In order to obtain a self-consistent set of parameters for
modeling the QCL operation, we use the following procedure.
From the measured – curve, we determine the threshold
current density . From the DT data at threshold, we de-
termine the upper state lifetime. Since the current is related
to the lifetime be , the density is determined
(with a resulting value close to the design value of the doping
density). The – curve also allows us to deduce the intracavity
photon density (the uncertainty being determined mainly by
our estimate of the detector collection efﬁciency, assumed to be
70%). Combining the upper state density and photon density,
we can get the matrix element at threshold; the resulting
value of 0.33 nm is slightly below the calculated design value
of 0.38 nm, but they are all within the errors arising from the
monolayer ﬂuctuations. The self-consistency of the parameters
in the rate-equation model is checked by recalculating the
threshold current density: the calculated are 1.45
for N432 and 1.88 for N433, which is in excellent
agreement with the measured values of 1.44 kA/cm for N432
and 1.85 kA/cm for N433. Note that the error for the threshold
current calculation arises from QCL design parameters and
measurement uncertainties (e.g., waveguide loss, cavity length
and width, and transition FWHM), which is around 10%–15%.
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Fig. 5. Flow diagram to calculate relevant QCL parameters.
A schematic of ﬂow diagram for the consistent check of
and is displayed in Fig. 5.
IV. GAIN RECOVERY DYNAMICS IN QCLS
A. Photon-Driven Transport
As discussed in Section II, the lasers used in this study are
based on a “diagonal transition” in real space. Although a pop-
ulationinversionispresentatallbiasﬁeldsintheseexperiments,
the cavity gain is controlled by voltage tuning of the oscillator
strength through the linear Stark effect. In these structures, the
lowest state of the injector region serves as both the electron
reservoir and the upper lasing state. Laser action takes place be-
tween the upper lasing state and the lower lasing state
in the active region, which is emptied via tunneling into the su-
perlattice. Before an electron contributesto stimulatedemission
in the next active region, it must drift across the superlattice in-
jector region.
As can be seen in the rate equation in Section III, there are
four processes that enter the dynamics: 1) phonon-assisted re-
laxation out of upper lasing state ; 2) stimulated emission out
of upper lasing state ; 3) depletion of lower lasing state; and
4) transport across the superlattice. We will consider each of
these processes in the following.
First, we consider how the current is driven by the laser
photon density in such a structure. In a cascade heterostructure,
the current through a given level is given by , where
is the electron charge, is the areal density, and is the
state lifetime. Below threshold, the lifetime is determined
by (off-resonant) phonon-assisted tunneling (in the 20–50-ps
range in our QCLs). Above threshold, the relevant lifetime
should become the stimulated emission lifetime .
This simple picture has inspired the study of electronic trans-
port to be studied via the dynamic gain depletion and recovery
with the QCL operating in continuous wave at different values
of current close to the threshold. The center wavelengths of the
pumpandprobeare tunedtoberesonantwiththegaintransition
ateachbias.InFigs.6and7,selectedbias-dependentDTresults
at 30 K are displayed. Qualitatively similar recovery dynamics
are observed in both lasers; a three-level model for the cascade
structure, coupled to a rate-equation for the intracavity photon
density, provides good ﬁts to the data, with only slight differ-
ences in the time constants obtained. For positive pump-probe
delay, negative DT signals due to the depletion of gain by the
pump are observed at all bias currents. The recovery of the DT
can be understood as the gain recovery due to electron transport
in the cascade heterostructure following the pump-induced gain
depletion.
The gain recovery is ﬁt by solving a three-level rate-equation
model presented in Section III including coupling to a single-
mode-cavityphotonﬂux,andtheresultsareshownasthedashed
lines in Figs. 6 and 7. We ﬁnd that ﬁts using fewer than three
temporal components are unable to systematically ﬁt the DT
curves.
Note that, below threshold, the DT is obviously less than the
DT at and above threshold, since the gain is low. At threshold
and above, the gain should be constant, since the gain should in
principle clamp at threshold, and this would lead to a constant
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Fig. 6. DT measurements of the gain recovery at 30 K. (a) Representative DT
data for QCL from N432 at bias currents 0.4, 0.625, and 0.645 A, respectively.
Hot carrier effect is experimentally shown to be negligible (see Section VII).
(b) A ﬁt to the three-level rate-equation model (dashed line) of the normalized
DT signal at 0.635 A (solid line) is shown.
Fig. 7. Bias-dependent DT signals at 30 K for N433. Upper and lower panel
are at 0.6 and 0.765 A, respectively. Dashed lines show the results from the
rate-equation ﬁt.
DT amplitude versus bias above threshold. We have observed
thatthereareveryslightchanges(lessthan0.1%)ofDTattime-
zero delay as the bias is increased above threshold. However, in
this QCL as in nearly all QCLs, the voltage does not perfectly
clamp above threshold, and this yields a slight increase of the
DT above threshold.
The key result of this section is shown in Fig. 8(a) and (b),
which display the upper state lifetime , obtained from the
rate-equation ﬁts of the DT data, as a function of bias current.
We consider three processes contributing to the decay of the
upper state, namely phonon-assisted intersubband relaxation
Fig. 8. Bias-dependent upper state lifetime is shown for (a) N432 and
(b) N433 (threshold is indicated by the red tick mark). The ﬁlled squares are
lifetime obtained from rate-equation ﬁts to the gain recovery DT data. The
red solid lines are lifetime due to optical-phonon scattering calculated using
the bias-dependent wavefunctions; the errors obtained by the monolayer ﬂuctu-
ations of the barrier width are around 10 ps, which is within our measurement.
Theﬁlledcirclesareanestimateof lifetimeusing andassuming
the population is simply the doping density (which has a likely error in
the 20%–40% range). The dramatic reduction in lifetime due to the onset of
stimulated emission just below threshold corresponds to the current through the
QCLbeinglimited bythe photon-driventransportacross theQCLactiveregion.
Vertical blue and black solid lines in (a) and blue and green solid lines (b) are
stimulated emission lifetimes (see the main text).
[24] (with time constant ), radiative decay by spontaneous
emission , and stimulated emission . The total upper
state lifetime can be written as . In
this expression, the radiative decay is negligible because is
several microseconds. When the bias is well below threshold,
the upper state lifetime is essentially ranging around
20–50 ps (decreasing slightly with bias due to the change in
wavefunction overlap). As the QCL bias voltage approaches
threshold, stimulated transitions start to occur, reducing the
upper state lifetime and increasing the current.
The stimulated emission lifetime is obtained in two ways.
First, is calculated directly by obtaining the cavity photon
density from the measured output power (solid line in Fig. 9)
and using , where is the population in-
version (assumed to be the doping density), is the group ve-
locity, is the number of cascading stages, and is the gain
cross section; the result is shown as the black and green solid
vertical line in (a) and (b), respectively. Second, the rate equa-
tion is used to ﬁt the – curves (Fig. 9), and the resulting
are used to calculate . The result is the blue solid vertical
line in Fig. 8(a) and (b). In those ﬁgures, a dramatic reduction
of the upper state lifetime as the QCL approaches threshold is
very clear for both devices. Above threshold, becomes of an
order of a few picoseconds and does not appear in the DT gain
recovery dynamics (i.e., above threshold the DT dynamics are
determined entirely by emptying and the superlattice trans-
port component).
In conventional atomic or molecular lasers, or of interband
semiconductor lasers, the gain recovery time is the upper state
spontaneous emission lifetime when the laser is below
threshold, and it is in a short-cavity lifetime limit when
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Fig. 9. Rate-equation ﬁts (dashed line) to the measured – curves (solid line)
at 30 K are shown. Black and green color are for N432 and N433 QCL, respec-
tively.Theonlyfreeparameterrequiredtoﬁtthe – curveswiththerate-equa-
tion model is .
the laser is biased above threshold, where is the ratio of the
pump rate to the threshold pump rate [23]. (The short-cavity
limit is used to eliminate the relaxation oscillations which
would otherwise mask the gain recovery.) However, the gain
recovery dynamics in a QCL, as displayed in Fig. 8, shows
an order-of-magnitude speed-up in the contribution of the
upper state lifetime to the gain recovery as the bias approaches
threshold.
The most important factor leading to the dramatic reduction
in upper state lifetime is the interplay of the non-radiative na-
ture of the upper state decay in a QCL far below threshold,
and the onset of stimulated emission near threshold. Far below
threshold, the phonon-assisted lifetime is weakly bias-depen-
dent (a consequence of the Stark tuning of the wavefunctions).
Calculationsusingtherate-equationmodelshowthat,justbelow
threshold, the photon density in the cavity becomes of the order
of 100, which is sufﬁcient to drive the stimulated emission life-
time down to a value comparable to the nonradiative lifetime.
It is also an important feature of QCLs that the factor, i.e.,
the fraction of spontaneous emission emitted into the lasing
mode, is rather high, approximately , as obtained from the
– curves. As the current increases above threshold, the upper
state lifetime decreases due to the stimulated emission, but it no
longer appears in the gain recovery since the gain recovery is
limited in that case only by the lower state tunneling and super-
lattice transport delay.
For the self-consistency of the model used to understand the
gain recovery dynamics, the rate-equation model is veriﬁed by
the following procedure. First, we calculate via the three-
level rate-equation model [blue solid line in Fig. 8(a) and (b)],
ﬁnding good agreement with the DT data. Second, we calcu-
late via an estimate of the intracavity photon density ob-
tained from the measured steady-state – characteristic; this
appears as the black and green solid line in Fig. 8(a) and (b), re-
spectively. Finally, the rate equations used to ﬁt the dynamics
are solved in steady-state to obtain the threshold current and
steady-state – curves as explained in Section III; these are
seen in Fig. 9 to agree quite well with the experiment.
B. Gain Dynamics in Four-Level Conventional Lasers
We have noted above that the QCL rate equations differ from
those of atomic systems or interband semiconductor lasers in an
important way: following stimulated emission, there is a delay
Fig. 10. Rate-equation analysis for pump-probe measurement on a four-level
atomic solid-state laser. Note that the four-level laser system is effectively a
closed system in that there is no transport delay for the carrier pumping.
in the injection of the electron into the upper lasing state due to
transport through the superlattice. It is this feature (along with
the large factor of QCL) which enables the photon-driven
transport to appear in the gain recovery dynamics. In order to
illustrate this point, we present here the solution for the gain re-
covery dynamics in a model atomic rate-equation system. We
assume a standard four-level model appropriate for an atomic
(or interband laser diode) system [23]. In most such lasers, the
gain recovery dynamics will be complicated by relaxation os-
cillations due to the comparatively long upper state lifetime.
In order to suppress these relaxation oscillations in the model
and thus facilitate a more direct comparison, we take the cavity
lifetime in the four-level model to be artiﬁcially short, namely
100 fs. We assume an upper state lifetime of 1 ns and a lower
state lifetime of 1 ps. The result of a numerical integration of
the rate equations is shown in Fig. 10, with the laser initially
oscillating in the steady state, and a 220-fs pulse resonant with
the gain transition is injected at time-zero. A two-component
gain recovery is observed with the fast component of the gain
recovery being the lower state lifetime and the long component
determined by the upper state lifetime.
C. Relation of the Three-Level Model to Previous
Transport Models
Previous investigations of transport in QCLs have been based
on steady-state analysis of the – and – curves of the de-
vices [25]. In that analysis, a two-level rate-equation model was
applied, with the two relevant time constants being the upper
and lower lasing state lifetimes. By comparing the differential
conductancefromtheI–Vcurvesaboveandbelowthreshold,the
lower state lifetime of 2.5 ps was deduced. We note here that
the two-level model applied in that work can essentially be con-
sidered a simpliﬁcation of the three-level model applied here.
In our model, there are three relevant processes: upper state
, lower state lifetimes, and superlattice delay time.
The two-level model effectively neglects the superlattice trans-
port.Wehavecarriedoutanalysissimilartothatof[25],butwith
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thethree-levelmodel.Inasimilarfashionto[25],thethree-level
rate-equation model can be written as
(9)
(10)
(11)
where the product of gain cross section and lifetimes are as-
sumed to be constant
(12)
and an ideal gain cross section for zero lower state lifetime
is deﬁned as
(13)
After solving the rate equation at steady state, one can obtain
the photon-ﬂux density as
(14)
The differential conductance below threshold and above
threshold are given by
(15)
(16)
and the ratio of the differential conductance is
(17)
The main conclusion of the above analysis is that, if one
lumps the lifetime and transport processes together in
order to transform the three-level model into a two-level one,
then the ratio of the differential conductance reveals the slower
of those two time constants (as long as one of the time con-
stants is signiﬁcantly shorter than the other). In our system, the
DT experiments show that the lower state lifetime is approx-
imately 0.7 ps, and the superlattice transport time is about 2 ps.
The 2-pstime constant obtained from DTis thereforeconsistent
with steady-state transport characterization, but the DT experi-
ments enable us to reﬁne the QCL transport model and separate
the lower state lifetime and superlattice transport processes.
V. DYNAMICS OF THE LOWER LASING STATE
In addition to the upper state lifetime, two other compo-
nents are observed in the gain recovery dynamics. In this sec-
tion, we discuss the observed fastest component , which is
attributed to the lower state emptying.
The time constant of is approximately 0.7 ps from a rate-
equation ﬁt and corresponds to the decay of lower lasing state
Fig. 11. Extracted lifetimes from the rate-equation ﬁt for (a) N432 and
(b) N433.
Fig. 12. Schematic bandstructure diagram of N432 to explain the lower state
emptying due to tunneling and scattering.
. This relaxation across the barrier into the superlattice is
controlled by electron tunnelling in the presence of strong scat-
tering including the electron–polar–optical–phonon interaction
[26], [27] and interface roughness scattering, leading to an ex-
pected relaxation time around 0.7 ps;
.Thisismuchfasterthananyotherprocessthatmay
possibly contribute to the gain recovery. Contributions from
carrier heating and waveguide anisotropy are experimentally
showntobesmall(seeSectionVII).TheDTrate-equationﬁtsto
the bias-dependent lifetime are summarized in Fig. 11. This
relaxation process is largely bias-independent since the ﬁnal
density of states through the barrier downstream is always high
and nearly independent of bias.
Fig. 12 shows a schematic diagram for the lower state emp-
tying due to the tunneling and scattering. We ﬁrst estimate the
tunneling rate by the following way. Two-level density matrix
equations are used to derive the tunneling rate based on a tight-
binding approximation between initial state and ﬁnal state
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Fig. 13. Tight-binding model for the coupled QW systems of Fig. 12 to esti-
mate the tunneling rate out of the lower lasing state.
. The equations of motion for the coupled tunneling systems
is described by [28]
(18)
(19)
(20)
(21)
where and are the diagonal elements of the state pop-
ulation and is the off-diagonal element of the mixed state.
is the energy detuning between state and , is
the dephasing rate in the tunneling process, and
. The energy splitting is the anti-crossing energy
gap, which can be calculated when the two coupled states are in
resonance.
Following a standard procedure as given in [29]–[31], the
tunnel-assisted lower state emptying rate is expressed as
(22)
As shown in Fig. 13, given the dephasing time around a
few tens of femtoseconds, the computed tunneling rate based
on the (22) is approximately two to three times larger than the
measurement results.
The second contribution is the scattering-assisted emptying.
Amongthevariousscatteringmechanisms,weconsideronlythe
electron–polar–optical–phonon scattering process; in the inter-
subband transition, the dominant scattering process is usually
limited by the longitudinal polar–optical–phonon emission rate.
Based on the Fermi golden rule, the average phonon scattering
rate from initial state to ﬁnal state reads
(23)
Fig. 14. Temperature dependence of the average electron–phonon scattering
rate,assuminganelectrontemperatureissameasthelatticetemperature.Again,
note that the electron temperature is expected to be than the heat sink tempera-
ture of 30 K.
where is the the longitudinal polar–optical–phonon
emission rate based on a single particle picture and is the
Fermi–Dirac distribution function [32].
Theaveragephononemissionrateassumingtheelectrontem-
perature is the same as the lattice temperature is displayed in
Fig.14;theexperimentallyrelevantscatteringrateistheaverage
phononscattering.Consideringthelatticetemperatureisalways
higher than the heat sink temperature [33], the calculated tun-
neling rate is approximately two to three times smaller than the
measurement results.
From the calculations on the tunneling rate and phonon emis-
sion rate, we attribute the total lower state dynamics to be gov-
erned by a sum of the two processes
(24)
The calculated total lower state dynamics is in the range of 1 ps,
which qualitatively agrees with the DT measurement result.
VI. DYNAMICS OF SUPERLATTICE RELAXATION
The third time constant contributing to the gain recovery dy-
namicsisassociatedwiththesuperlatticetransport.Inthesteady
state, the relevant time constant in the rate equations, is the
superlattice drift time. In a dynamics experiment, however, the
time constant for the charge distribution to return to equilibrium
following an impulsive perturbation (in our case, the stimulated
emission across the active region due to the pump pulse) is not
the drift time across the entire superlattice. Instead, it is the di-
electric relaxation time.
Arigorousunderstandingofthedynamicalsuperlatticerelax-
ation would require a full quantum-mechanical model coupled
to Poisson’s equation, with hot carrier effects included at the
same level [33]. However, if the ﬁeld across the superlattice in-
jector is sufﬁciently low that the transport can be described in a
low-ﬁeldtransportregime(mobilityregime),thenonecanapply
an approximate model to understand the essential features.
Our approach is to use a simple dielectric relaxation model
which is based on the calculation of the changes of nonuniform
Authorized licensed use limited to: IEEE Xplore. Downloaded on April 4, 2009 at 15:20 from IEEE Xplore.  Restrictions apply.316 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 45, NO. 4, APRIL 2009
electron density following the pump-pulse-induced impulsive
excitation in a superlattice.
In a bulk dielectric relaxation model, the temporal solution
of a coupled 1–D current continuity and Poisson equation gives
the exponential decay of the local carrier ﬂuctuation [34]
(25)
where is the local carrier density ﬂuctuation from equi-
librium. The dielectric relaxation time is given by
(26)
where is the conductivity, is the mobility for the transport,
and is the background carrier density. If the carrier transport
canbedescribedinalineartransportregime,then(26)showsthe
dielectric relaxation is a function of the material’s conductivity,
which is controlled by the mobility .
The standard bulk dielectric relaxation model, however, is in-
adequate due to the nonuniform carrier density in the superlat-
tice. We have modiﬁed the model in the following way. First, a
simpleserialresistormodelisusedtocalculatethevoltagedrops
(electric ﬁelds) across the active and injector region. Since the
DT dynamics is a function of the applied bias current, the bias-
dependentelectricﬁelddistributionsarequalitativelyestimated.
Then, a Monte Carlo simulation is used to estimate the ﬁeld-de-
pendent background electron density. Given the electric ﬁeld
distributions and background electron density, the Esaki–Tsu
model [35] is used to estimate the superlattice mobility ; the
mobility is also checked using the QCL design parameters.
A. Inhomogeneous Electric Field
The electric-ﬁeld changes after the perturbation are calcu-
lated based on the following simple resistor-network model.
Assuming no leakage current, the QCL can be modeled as a
serial circuit comprised of two coupled resistors: active region
and superlattice injector region. For simplicity, we neglect the
space-charge effect in the superlattice injector; the function of
the doped region may be modeled as a capacitor, but it is well
known that the space-charge effect in QCLs is negligible [18].
Since each resistor has its own resistance proportional to the
state lifetime, the voltage drops across the active and injector
region, i.e., the electric ﬁeld distributions, can be obtained at
each bias current.
From current continuity, the current ﬂowing in the QCL
should be same in each region ,
and therefore the voltage drop across each resistor may be
expressed as
(27)
(28)
Assuming that and , where
and are the upper state lifetime and superlattice relaxation
from the rate-equation ﬁts to the experimentally measured DT
Fig.15. SchematicconductionbandproﬁleforN432QCLtoillustrateaneffec-
tiveelectric ﬁeldin superlattice.(a) Flat band conditionat52 kV/cm.(b) Lasing
condition at 95 kV/cm.
data, the voltage drops (and the corresponding electric ﬁelds)
across the active region and the superlattice region read
(29)
(30)
where is the applied voltage divided by the number of cas-
cading stages.
However, one should be careful for the electric ﬁeld calcu-
lation in the superlattice. In contrast to the Esaki–Tsu superlat-
tice where the layer composition of quantum well and barrier
is uniform so that a ﬂat miniband condition is achieved even
in the case of zero electric ﬁeld [35], the design of superlattice
in a QCL is nonuniform; an appropriate bias must apply before
the Stark ladders are lined up and a ﬂat miniband condition is
met [18]. Therefore, the electric ﬁeld for the electron transport
is an effective electric ﬁeld . In a simple picture,
one can obtain by subtracting the ﬂat band electric
ﬁeld from the applied electric ﬁeld . This is
schematically shown in Fig. 15.
In order to take into account the ﬂat miniband condition in
ourserialcircuitmodel,thevoltagedropperstageforaﬂatband
condition was subtracted from the applied voltage drop
per stage . Therefore, (30) should read as
(31)
where we obtained by an independent bandstructure cal-
culation to estimate the ﬂat band condition for three differnet
QCLs; the results are shown in Table II.
B. Monte Carlo Simulation and Mobility
The next issue is to estimate the spatial distribution of the
equilibrium electron density throughout the superlattice at each
bias condition. We have developed an ensemble Monte Carlo
simulation to estimate the level-dependent electron density in
thesuperlattice under steady-state conditions[36]. In the Monte
Carlosimulation,weassumethattheenergylevelsinoneperiod
ofactiveandinjectorregionconsistofseventotenenergylevels
within a typical miniband width of 150 meV: the miniband
width and energy levels differ depending on the different QCL
designs, so it is calculated from an independent bandstructure
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TABLE II
ELECTRIC FIELD FOR A FLAT MINIBAND CONDITION AND LASING CONDITION
TABLE III
PARAMETERS FOR DIELECTRIC RELAXATION
simulation for the different QCL structures. Before starting the
simulation, all electrons are assumed to be in the upper lasing
stateandthetotalnumberofelectronsareassumedtobe .
In order to take into account the experimentally measured bias-
dependentlifetimes,theupperandlowerstatelifetimesfromthe
rate-equation ﬁts to the DT data are included in the simulation.
Each electron is labeled with its energy in the simulation.
Electron dynamics is governed by: 1) electron–polar–op-
tical–phonon scattering; 2) transport of electrons between
stages; and 3) re-emission of electrons from the ﬁnal state to
the initial state due to the thermal effects where the Boltzmann
factor was included. The electron popula-
tion distribution at each time step is obtained through the sum
of occupation of each energy level as well as the histogram of
electron energy. Again, assuming no leakage current, electrons
in ﬁnal state of superlattice are re-pumped into the upper lasing
state.
The resulting calculated electron density throughout the su-
perlattice is about 1%–5% of the total electron density (doping
density); the density in the upper part of the superlattice is the
density relevant to estimating the dielectric relaxation time. The
electron density proﬁle differs from a Boltzmann-limited distri-
bution since the bias-dependent scattering rates and lifetimes at
each energy level make the density proﬁle nonuniform across
the superlattice.
In order to check the validity of our approach, we have calcu-
lated the superlattice mobility and the band-edge effective mass
with the known QCL design parameters. Considering a 1-D
model where the miniband conduction is in a low-ﬁeld trans-
port regime, the superlattice mobility is approximated as [37]
(32)
where is the band-edge effective mass in the perpen-
dicular transport in the superlattice and is the in-plane mo-
mentum scattering time. The relevant parameters for different
QCL designs for the mobility and effective mass calculations
are shown in Table III.
Using the parameters in Table III, the electron velocity in
the superlattice was calculated byusing theEsaki–Tsu velocity-
ﬁeld relation [35]
(33)
Fig. 16. Flow diagram to calculate the dielectric relaxation.
As shown in the next section, ( 42 fs) is the sole free pa-
rameter for the best ﬁt to the Esaki–Tsu velocity-ﬁeld relation;
our estimation is also in good agreement with the previously re-
ported in-plane momentum scattering time [38].
C. Results
The overall calculation procedures are summarized in Fig. 16
and the corresponding theoretical calculations of the dielectric
relaxation time constants with the experimentally measured DT
time constants are displayed in Figs. 17 and 18. Note that our
approach of the simple serial circuit model and the Monte Carlo
simulation have included the DT rate-equation ﬁts and QCL
design parameters, thus providing a self-consistent picture to
understand the QCL superlattice dielectric relaxation; in-plane
momentum scattering time is the only free parameter in our
model. Furthermore, all DT data and calculations conﬁrm that
the superlattice transport is indeed in the mobility regime (a key
assumption in the dielectric relaxation); note that the peak elec-
tric ﬁeld in Figs. 17 and 18(a) is given with a good approxima-
tion by [37], which results in 30 kV/cm, as
shown in the ﬁgures.
In addition to N432 and N433 samples, we tested another
sample (N483 QCL), which has a qualitatively different QCL
design, being based on a four-QW active region with a slightly
wider superlattice miniband width. More details on the gain re-
covery dynamics on the N483 QCL can be found elsewhere
[39]; the key result is that the superlattice transport component
of the gain recovery is found to follow the same dielectric relax-
ation model.
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Fig. 17. Superlattice dielectric relaxation for the N432 QCL. (a) Velocity cal-
culation based on the Esaki–Tsu model shows that the superlattice transport is
in a linear regime. (b) DT rate-equation ﬁts (squares) and the theoretical cal-
culation of the dielectric relaxation (dashed line) are displayed. Threshold is
indicated by the tick mark.
Fig. 18. Superlattice dielectric relaxation for the N433 QCL. (a) Velocity cal-
culation based on the Esaki–Tsu model shows that the superlattice transport is
in a linear regime. (b) DT rate-equation ﬁts (squares) and the theoretical cal-
culation of the dielectric relaxation (dashed line) are displayed. Threshold is
indicated by the tick mark.
Fig. 17 shows data for the N432 QCL (this QCL has no intra-
cavity saturable absorber in it). Data show a good agreement
between the calculated dielectric relaxation and the measured
; the structure of the N432 QCL is relatively simple, i.e.,
there is no resonant tunneling injection to achieve the popula-
tion inversion or intra-cavity saturable absorber.
In Fig. 18, however, a signiﬁcant deviation between the di-
electricrelaxationmodelandmeasuredvaluefortheN433QCL
is observed; N433 QCL structure has an intracavity saturable
absorber (see the bandstructure in Fig. 1(b)). The discrepancies
result from: 1) there might be a nonuniform voltage drop across
the superlattice if, for example, the lifetime of energy levels in
thesaturableabsorberQWislongerthanthescatteringrate,then
this will result in complex ﬁeld distributions near the saturable
absorber region, and from there we overestimated the effective
electric ﬁeld compared to the case of uniform voltage drop and
2) the overestimated electric ﬁeld indicates that the computed
Fig. 19. (a) TE-pump and TM-probe DT measurement at 0.7 A for N433. The
data offset for clarity. (b) Normalized transmission change (solid line) along
with a ﬁt (dashed line) with a single exponential decaying function convolved
with the experimentally measured mid-IR pulse. All recovery time constants at
various temperatures are 1 ps.
dielectric relaxation is underestimated in such a way that the
calculated value is lower than the measured one.
VII. EXPERIMENTAL ARTIFACTS
The interpretations of the DT dynamics given in the previous
sections are made entirely in terms of the transport and relax-
ation processes in the cascade heterostructure. These interpreta-
tions require that possible sources of DT signals other than the
populationinversiondynamicsmustbesmall.Here,weconsider
two possible contributions to the DT signals.
A. Hot Carrier Effects in the Upper Subband
The polarizations of the pump and probe beams in our ex-
periment are oriented at 45 with respect to the transverse
magnetic (TM) lasing mode of the QCL. This geometry enables
both pump and probe beams to interact with the gain transition
via the TM component, while the probe can be separated from
the pump before detection by a polarizing analyzer. In order to
isolate the effects of pump-induced carrier heating on the gain,
we rotate the polarizations to transverse electric (TE)-pump and
TM-probe. A TE-polarized pump only induces carrier heating
[40]–[43] (via free-carrier or two-photon absorption) as it does
not induce stimulated transitions from the upper lasing state.
Fig. 19 shows the results of TE-pump/TM-probe DT measure-
ments, indicating that the contribution of carrier heating to DT
signals in the 45 polarization is at most about 10% that of the
stimulated emission contribution.
The observed 1-ps recovery time constant is very similar
to the cooling dynamics of the generated hot carriers, which
has been previously observed in the interband laser diodes
[40]–[43]. This process is essentially due to the effects of the
hot electron generation, where a strong pump pulse may heat
up the carrier by redistributing the electrons in the high energy
state of the conduction band via two-photon absorption at
high pump energy or free-carrier absorption at moderate pump
energy.
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Fig. 20. Waveguide anisotropy and polarization rotation of mid-IR pulse. Am-
plitude changes of the transmitted mid-IR pulse through QC waveguide are
shown as a function of polarizer angle when QCL at low bias (absorption, red
dashedline),athighbias(gain,reddottedline),andatzerobias(coldcavity, red
and thick solid line). For reference, calculated (black solid line) and measured
(black dashed line) polarization rotation without QCL are also plotted.
B. Waveguide Anisotropy
The polarization anisotropy of the QCL waveguide may be
anotherpossiblecontributortothemeasuredgaindynamics.We
checked the possible effect of waveguide anisotropy on the DT
signals by measuring the rotation and ellipticity induced on the
polarization as mid-IR pulses propagate through the QC struc-
tures. The transmitted pulse is analyzed using a linear polar-
izer placed in front of the 10- m spatial ﬁlter before the de-
tector, and we plot the amplitude of the transmitted beam as a
function of polarizer rotation angle . For a reference, we also
checked the polarization rotation in the QCL but without cur-
rent biasing (cold cavity). The results are displayed in Fig. 20
and show only a few percent of the pump pulse leaks through
the probe analyzer, and only a slight change of polarization is
observed. Hence, the contribution of polarization anisotropy to
the DT signals is believed to be small. We note, however, that
if there is a nonlinear refraction contribution to the DT signal,
both the gain and refraction nonlinearities arise from the carrier
population dynamics; hence our conclusions regarding the car-
rier dynamics will be unchanged.
VIII. CONCLUSION
Our time-resolved measurements of the gain recovery dy-
namics in cascade heterostructure lasers show that the transport
through the device and the cavity photon density are intimately
coupled, and that from just below to above threshold, the cur-
rentthroughthedeviceisdeterminedbythestimulatedemission
rate into the lasing mode. We note that analogous tunnelling of
electrons via a photon-assisted transition has been previously
observed in resonant tunnelling devices under the application
of an external oscillating electric ﬁeld [44]–[49]. In those ex-
periments, the presence of a strong external classical ﬁeld has
opened up a new channel, increasing the transport across the
device. In contrast to these experiments, we have shown that in
QCLs the current near and above threshold is driven by the in-
tracavity photon density, and the effect of quantum stimulated
emissionontransportatthefew-photonlevelcanbeseentoturn
on as the laser approaches threshold from below. Dynamics of
the lower state emptying has been investigated by using tight-
binding tunneling model and phonon-limited scattering. Super-
lattice transport has been extensively studied using a simple di-
electric relaxation model with bias-dependent inhomogeneous
electron ﬁeld distributions. Possible other contributions to the
DT, such as carrier heating effect and waveguide anisotropy,
are separately investigated through the polarization-dependent
pump-probe measurements and shown to be small.
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